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1 Introduction
The discovery of integrability in the AdS/CFT holographic duality [1] between string the-
ory in AdS5×S5 and N = 4 super Yang-Mills [2, 3] has led to the exciting prospect of being
able to solve completely both theories, at least in the large N limit. In fact the spectral
problem has been solved using the thermodynamic Bethe ansatz technique, see [4] for a
review. By now a number of other examples of AdS backgrounds for which the string is
integrable have been found and for some of them the dual CFT has also been identified. So
far these examples have been constructed on a case by case basis. It would be very desir-
able to have a more systematic approach to finding integrable string backgrounds. Here we
will attempt a small step in this direction by focusing on a simple, but important, class of
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Background Supersymmetries
AdS5 × S5 32
AdS4 ×CP3 24
AdS3 × S3 × S3 × S1 16
AdS2 × S2 × S2 × T 4 8
Table 1. Integrable supersymmetric symmetric space AdS-backgrounds: Habc = 0.
Background Supersymmetries
AdS3 × S3 × S3 × S1 16
AdS3 × S3 × S2 × T 2 8
AdS3 × S2 × S2 × T 3 8
AdS2 × S3 × S3 × T 2 8
AdS2 × S3 × S2 × T 3 8
AdS2 × S2 × S2 × T 4 8
Table 2. Integrable supersymmetric symmetric space AdS-backgrounds: Habc 6= 0.
backgrounds: symmetric spaces. In the context of supergravity we will mean by a symmet-
ric space one where the geometry is that of a symmetric space and all supergravity fields
respect the isometries. An incomplete1 classification of such symmetric space solutions
to type IIB supergravity was given in [5] (a similar classification for eleven-dimensional
supergravity was given in [6]). Since analyzing the integrability of this rather long list of
backgrounds is still a difficult task we will make one further simplifying assumption, that
the background preserve some non-zero amount of supersymmetry. A complete classifica-
tion of supersymmetric symmetric space supergravity solutions does not appear to exist
in the literature yet but it seems likely2 that all examples with an AdS-factor are already
known. All known backgrounds of this type arise from the near-horizon limit of (inter-
secting) brane configurations, either directly in ten dimensions or by reduction from eleven
dimensions, see for example [8] for the AdS×S×S×T examples. These backgrounds are
summarized in tables 1 and 2. The first contains the backgrounds with only RR flux while
the latter contains those with non-zero NSNS flux (in addition to RR flux in general). The
string has been shown to be (classically) integrable for all of them.3
Note that all the AdS × S × S × T examples are actually one-parameter families of
solutions. The parameter4 α controls the relative radius of curvature of the different factors
1In the sense that the full moduli spaces for many AdS3 and AdS2 backgrounds were not determined.
2For example in the eleven-dimensional case the list of backgrounds found in [6] was analyzed recently
for supersymmetry in [7] and no new examples were found.
3For the cases without NSNS flux (table 1) integrability of the corresponding supercoset models follows
from the construction of [3]. This was extended to the full string (to quadratic order in fermions) in [9–13].
The cases with non-zero NSNS flux (table 2) were analyzed in [13, 14].
4Correspondingly the superisometry group involves the exceptional supergroup D(2, 1;α).
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in the geometry. For a suitable choice of this parameter the radius of one of the spheres goes
to infinity. In this way backgrounds of the form AdS×S×T are obtained as special cases of
the backgrounds listed in table 1 and 2. The AdS3×S3×S3×S1 and AdS2×S2×S2×T 4
solutions actually contain one more free parameter, q, which controls the amount of NSNS
flux. This is why they appear in both tables. For q = 0 they are supported by pure
RR flux while for non-zero q they are supported by a mix of NSNS and RR flux. The
parameter q comes from the possibility of performing an S-duality transformation on the
corresponding pure RR backgrounds. Finally it is worth noting that the backgrounds in
table 2 with both two and three-dimensional factors in the geometry are related to the
(pure RR) AdS3 × S3 × S3 × S1 background by one or more Hopf T-dualities [15] on the
fiber of S3 (AdS3) viewed as a Hopf fibration over S
2 (AdS2). The same is true for the
AdS2 × S2 × S2 × T 4 solution with maximal NSNS flux (q = 1).
In this paper we will take a general approach and deal mostly with general symmetric
space backgrounds. The only exception is when we discuss the integrability for the super-
string with non-zero NSNS-flux for which we will have to specify to the backgrounds listed
in table 2.
As a warm-up we will discuss the bosonic string on a symmetric space. We will find
the general form of the isometry algebra and discuss the isometry conditions on the NSNS
flux. We will also construct the Killing vectors and the conserved isometry Noether current
of the string. In the absence of NSNS flux the bosonic string action is simply a symmetric
space sigma-model which have been known for a long time to be integrable [16]. We show
that the integrability still holds in the presence of NSNS flux if it is of the form
H = ω3 + ω2dy + dy
1dy2dy3 , (1.1)
where ω2(3) are invariant irreducible two(three)-forms and the y’s are coordinates of flat
directions, and satisfies
HabcH
cde = const.×Rabde , Habc′Hc′de = const.×Rabde , (1.2)
where we have split the index a into curved directions a and flat directions a′ and Rabcd is
the Riemann tensor. The Lax connection is essentially the same as appeared in [13] in the
context of the backgrounds in table 2. To my knowledge this observation has not appeared
in the literature before.5 These conditions on H are likely related to supersymmetry. In
fact they are satisfied for all the backgrounds in table 2. We should also note that there
is one well-known non-supersymmetric symmetric space background which is known to be
integrable namely AdS5 × CP2 × S1, related by Hopf T-duality to AdS5 × S5 [19]. For
this background we have H ∼ ω2dy where ω2 is the Ka¨hler form on CP2, which does not
satisfy the condition (1.2). This means that this condition cannot be the most general one
required for integrability.6
5Conditions for the integrability of a general non-linear sigma-model, including B-field, were written
down in [17, 18] but they have only been solved in special cases.
6It might be the most general condition if one requires the Lax connection to be constructed only from the
isometries of the background (note that at least naively the Lax connection for the AdS5×CP2×S1 string
will involve the full ‘hidden’ SO(4, 2)×SO(6)-symmetry of AdS5×S5 rather than the SO(4, 2)×SU(3)×U(1)
isometries).
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Next we turn our attention to the (type II) superstring. We are interested in symmetric
space backgrounds so we require there to be ten bosonic translational isometries and n
fermionic ones for a background that preserves n supersymmetries. We show that by setting
the 32 − n fermions which are not associated to supersymmetries to zero the conditions
on the background superfields to respect the isometries simplify considerably. In fact this
(10|n)-dimensional sub-superspace is a supercoset space, as we prove by constructing the
supergeometry. This proof also leads to the general form of the superisometry algebra for
symmetric space backgrounds. We show that in the absence of NSNS flux, and for particular
cases with NSNS flux, the Z2-automorphism of the bosonic subalgebra extends to a Z4-
automorphism of the full super Lie algebra making the corresponding supercoset space a
semisymmetric superspace [20]. The semisymmetric supercosets relevant to string theory
were classified in [21]. The only backgrounds of table 2 which have this semisymmetric
structure are the ones which also appear in table 1.
The semisymmetric supercoset sigma model describing (a truncation of) the string
action in symmetric space backgrounds with zero NSNS flux are known to be integrable by
the general construction of the Lax connection given in [3]. We show that the integrability
extends to the full superstring by including also the 32−n fermions which do not correspond
to supersymmetries and which are therefore absent in the supercoset formulation. This
is done by extending the supercoset Lax connection by terms involving components of
the superisometry Noether current and carried out to quadratic order in the non-coset
fermions. The construction is essentially the same as was done for AdS4 × CP3 and
AdS2×S2× T 6 in [11], but greatly simplified by working with components of the Noether
current instead of the explicit expansion in non-coset fermions. Our construction requires
that the background preserves some non-zero amount of supersymmetry. We comment on
the problems with trying to generalize to non-supersymmetric backgrounds. Note that the
extension of the integrability beyond the supercoset model to the full string is important
even in cases where the supercoset model can be obtained by kappa symmetry gauge-fixing
the full Green-Schwarz string. This is because the corresponding kappa symmetry gauge-
fixing becomes inconsistent for many classical string configurations that one is typically
interested in.
For backgrounds with non-zero NSNS flux there is no known general construction of
a Lax connection. Instead we will focus on the backgrounds in table 2 for which a Lax
connection was found to quadratic order in all fermions in [13]. Here we construct the Lax
connection for the corresponding supercoset models (except for the AdS3 × S3 × S3 × S1
case which was covered in [14]). We find that the remaining backgrounds in table 2 can
be described by a single Lax connection which is a rather straight-forward generalization
of the Lax connection for the bosonic string with NSNS flux. Due to the construction of a
Lax connection to quadratic order in all fermions in [13] it is clear that it must be possible
to extend this supercoset Lax connection by the non-coset fermions just as for the case of
zero NSNS flux.
The outline of the paper is as follows. In section 2 we describe the bosonic string on
a symmetric space, the superisometry algebra, Killing vectors and the conditions on the
NSNS flux. Section 3 describes the Lax connection for the bosonic string in backgrounds
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that include NSNS flux satisfying eq. (1.2). After this warm-up we turn to the full (type II)
superstring in section 4. We describe the conditions for the background to be a symmetric
space and show that there exists a truncation to a supercoset subspace. The superisometry
algebra, Killing vectors and Killing spinors are described and we comment on the special
case of semisymmetric supercosets. We also describe the Noether current of the string
associated to the superisometries. In section 5 we show how the standard Lax connection
for the supercoset sigma model, in the case of zero NSNS flux, can be improved by terms
involving the non-coset fermions to a Lax connection for the full superstring. We then
construct Lax connections for the supercoset models corresponding to the backgrounds
in table 2 which have not previously been considered. We end with some conclusions.
Appendix A gives the expansion of the supergeometry and Noether current to quadratic
order in the non-coset fermions and some relations satisfied by the components of the
Noether current, which are needed in the proof of integrability, are derived.
2 Bosonic string on a symmetric space
The bosonic string action is (we use 2d form notation and wedge products and pull-backs
to the worldsheet Σ are understood)
S = −T
∫
Σ
(
1
2
∗ eaebηab −B
)
, (2.1)
where ea are the vielbeins of the background and B = 12e
beaBab is the NSNS two-form
potential with field strength H = dB. The equations of motion which follow from this
action are
∇ ∗ ea + 1
2
ecebHbc
a = 0 . (2.2)
We are interested in the case when the background geometry is that of a symmetric
space. We will assume also that the B-field respects the symmetries of the background,
which means that it can only transform by a gauge-transformation under the isometries.
A symmetric space M can be described as a coset
M = G
H
, (2.3)
where G has the interpretation as the isometry group of the space and H is the isotropy
group. Picking a coset representative g ∈ G one defines the Maurer-Cartan one-form valued
in the Lie algebra of G as
J = g−1dg ∈ g . (2.4)
By construction it satisfies the Maurer-Cartan equation7
dJ − JJ = 0 . (2.5)
7In our conventions the exterior derivative acts from the right, as is more convenient for the superspace
discussion, and wedge-products will be left implicit.
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For a symmetric space the Lie algebra of the isometry group consists of generators of
translations and rotations
g = {Mab, Pa} . (2.6)
Note that all the Pa’s must exist, i.e. the number of translational isometries is equal to the
dimension of the space, while some of the Mab’s may be absent depending on the space.
We can then expand the Maurer-Cartan form in the generators as
J =
1
2
ωabMab + e
aPa . (2.7)
The one-form coefficients ωab and ea are interpreted as the spin connection and vielbein of
the background. A short calculation shows that the Maurer-Cartan equation dJ − JJ = 0
becomes the statement that the torsion vanishes
T a ≡ dea + ebωba = 0 (2.8)
and the definition of the Riemann curvature tensor
Rab ≡ dωab + ωacωcb = 1
2
edecRcd
ab , (2.9)
provided that the isometry algebra takes the familiar form
[Mab, Pc] = 2ηc[aPb] , [Pa, Pb] = −
1
2
Rab
cdMcd ,
[Mab,Mcd] = ηacMbd − ηbcMad − ηadMbc + ηbdMac . (2.10)
Note that some care is required in interpreting the commutators involving Mab. They
are understood to be defined only when Mab exists, i.e. when the indices a and b refer to
the same (irreducible) factor if the geometry is given by a direct product. We will also
set to zero Mab′ where primed indices denote flat directions, which has the consequence
that the translation generators Pa′ of flat directions just generate decoupled U(1)’s. The
non-zero components of Mab are precisely the same as the non-zero components of the spin
connection ωab, so the commutators hold for all components if all Mab are contracted with
ωab. We use this notation to avoid having to split the tangent space indices into ones for
each irreducible component of the geometry.
Note also that the form of the algebra implies that there is a Z2-automorphism
Pa → −Pa , Mab →Mab . (2.11)
This is usually taken as part of the definition of a symmetric space.
Analyzing the Jacobi identities of the isometry algebra in eq. (2.10) we find that they
are equivalent to the following conditions on the Riemann tensor
R[abc]
dPd = 0 , ω[a
eRb]e
cd = 0 . (2.12)
The first condition is just the familiar Bianchi identity for the curvature and the second
(together with the fact that the curvature is constant) expresses the invariance of the
curvature under the isometries.
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Let us now consider the form of the isometry transformations of the coordinates. In
the coset description isometry transformations are simply left-multiplication by a constant
element of G, i.e. g → g0g with g0 ∈ G. This clearly leaves the Maurer-Cartan form in
eq. (2.4) invariant. Consider an infinitesimal transformation with g0 = e
aPa+abMab where
I = {a, ab} are constant infinitesimal parameters. The transformation of the coordinates
will be of the form
δxm = IKI
m = Km() . (2.13)
To see what the object Km() is we use the fact that since the Maurer-Cartan form is invariant
the vielbeins do not transform under an isometry transformation, i.e.
0 = δea = dδxa − iδx(ebωba) = ∇Ka() − ebiK()ωba , (2.14)
where we defined Ka() ≡ Km()ema. From this equation we find
∇aKb() = iK()ωab , (2.15)
which implies in particular that
∇(aKb)() = 0 , (2.16)
i.e. Ka() have the interpretation of Killing vectors.
Consider next the transformation of the group element g. On the one hand we have
g−1δg = g−1(aPa + abMab)g , (2.17)
and on the other hand we have, comparing to the definition of the Maurer-Cartan form in
eqs. (2.4) and (2.7),
g−1δg =
1
2
δxmωm
abMab + δx
mem
aPa =
1
2
Kc()ωc
abMab +K
a
()Pa . (2.18)
Matching the a and ab-terms in both equations we find
1
2
Ka
bωb
cdMcd +Ka
bPb = g
−1Pag ,
1
2
Kab
cωc
deMde +Kab
cPc = g
−1Mabg . (2.19)
Taking the trace of both equations with P d, multiplying the last equation by Rfg
ab and
using tr(PaPb) = ηab, tr(MabPc) = 0 and Rcd
ef tr(MabMef ) = −4ηa[cηd]b (again the latter
holds when all indices belong to the same irreducible component of the geometry) we find
Ka
d = tr
(
g−1PagP d
)
= [gP dg−1]Pa (2.20)
Rab
efKef
d = Rab
ef tr
(
g−1MefgP d
)
= −4[gP dg−1]Mab . (2.21)
Using these equation we find
Ka ≡ P bKba − 1
4
M cdRcd
efKef
a = gP ag−1 . (2.22)
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This object Ka is the Killing vector valued in the Lie algebra since it is obtained by
replacing the parameters I with the Lie algebra generators. Taking its exterior derivative
and using the definition of the Maurer-Cartan form we find
dKa = g[J, Pa]g
−1 = g
(
ωa
bPb +
1
2
ebRab
cdMcd
)
g−1 ⇒ ∇aKb = −1
2
Rab
cdgMcdg
−1 .
(2.23)
We will use these objects below to define the isometry Noether current of the string (valued
in the isometry algebra).
The condition that the B-field respect the isometries is
dλ′() = δB = LδxB = diK()B + iK()H ⇒ iK()H = dλ() , (2.24)
where λ′() is the one-form gauge-parameter associated to gauge-transformations of B and
λ() = λ
′
() − iK()B. We can turn this into a Lie algebra valued equation by replacing
{a, ab} → {P a, −14M cdRcdab} just as we did in the definition of the Lie algebra valued
Killing vector Ka. It then reads
iKH = dλ , K
a, λ ∈ g . (2.25)
In fact we can go further and prove that H must be (covariantly) constant. We have
0 = diKH =
1
2
ecebKa∇Habc + 1
2
eceb∇KaHabc . (2.26)
Multiplying from the left by g−1 and from the right by g and using the form of Ka and
∇Ka we find
1
2
edeceb∇dHabcP a − 1
4
edecebHabcRd
aefMef = 0 . (2.27)
Finally taking the trace with Pa and Mab and using the Bianchi identity we get
8
∇aHbcd = 0 , ω[beHcd]e = 0 . (2.28)
Essentially the same as the conditions we found on the Riemann tensor. The first equation
says that H is covariantly constant and is the condition coming from invariance of H
with respect to the translational isometries. The second condition expresses the invariance
of H with respect to the rotational isometries. These conditions mean that H must be
built from invariant forms on the symmetric space. The only symmetric spaces with non-
trivial invariant one-forms are pp-wave spaces [6] and since we are mainly interested in
AdS-backgrounds we will not consider these. Then H must be of the form
H = ω3 + ω2dy + dy
1dy2dy3 , (2.29)
where ω2(3) are invariant irreducible two(three)-forms and the y’s are coordinates of
flat directions.
8We have contracted the last equation with the spin connection to avoid having to split the indices in
an awkward way. The content of the equation is unchanged.
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The (Lie algebra valued) isometry Noether current of the string can be constucted
from the objects Ka and λ. It is given by
J = eaKa + ∗λ . (2.30)
Its conservation is easily verified
d ∗ J = ∇ ∗ eaKa + ∗ea∇Ka + dλ = ∇ ∗ eaKa + iKH = 0 , (2.31)
where we have used the equations of motion eq. (2.2), the Killing vector equation ∇(aKb) =
0 and the fact that dλ = iKH. We can find a more explicit form of the one-form λ as
follows. Multiplying the equation dλ = iKH with g
−1 and g from the left and right we get
iPH = d[g
−1λg]− [g−1λg, J ] . (2.32)
A solution to this equation is easily seen, using eq. (2.28), to be given by
λ =
1
4
(eaHabc + e
a′Ha′bc)gM
bcg−1 + λa
′
Pa′ , dλ
a′ =
1
2
ecebHa
′
bc . (2.33)
3 Integrability for the bosonic string
We want to construct a one-parameter family of flat connections such that the flatness
condition is equivalent to the equations of motion for the string eq. (2.2). Let us start with
the case of zero NSNS flux. It this case the Lax connection is well know and takes the form
L0 =
1
2
ωabMab + (1 + α)e
aPa + β ∗ eaPa , (3.1)
where the two parameters α and β will be related by the requirement of flatness. Computing
the curvature of this connection we get
dL0 − L0L0 = 1
2
RabMab + β∇ ∗ eaPa − 1
2
(
(1 + α)2 − β2)eaeb[Pa, Pb]
= β∇ ∗ eaPa − 1
2
(
α2 + 2α− β2)RabMab . (3.2)
Where we used the form of the isometry algebra in eq. (2.10). We see that if we take the
parameters α and β to be related by the equation
β2 = α2 + 2α , (3.3)
the curvature of L0 vanishes precisely on the equations of motion. We have therefore
constructed a one-parameter family of flat connections whose flatness is equivalent to the
equations of motion, i.e. a Lax connection. Infinitely many conserved charges can now be
constructed from the monodromy of this Lax connection.
Next we move on to the case of non-zero NSNS flux. We will first consider separately
the different possible forms of H in eq. (2.29) before going to the general case.
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3.1 H = ω3
We take H to be an (irreducible) invariant three-form of the symmetric space in question.
There are now two terms9 we can add to the Lax connection (the underlined indices denote
curved directions to emphasize that Habc has no legs along flat directions)
Lω3 =
1
2
ωabMab + (1 + α)e
aPa + β ∗ eaPa + γ
4
eaHabcM
bc +
δ
4
∗ eaHabcM bc , (3.4)
with γ and δ to be determined. Calculating the curvature of this connection we find
dLω3 − Lω3Lω3 = β
(
∇ ∗ ea + 1
2
ecebHbc
a
)
Pa +
δ
4
(∇ ∗ ea + 1
2
eeedHde
a
)
HabcM
bc
+
1
2
(
(1 + α)γ − (1 + δ)β)ebeaHabcP c − 1
2
(
α2 + 2α− β2)RabMab
+
1
8
(δ2 − γ2)eeedHadbHceaM bc − δ
8
eeedHadeH
abcMbc , (3.5)
where the first two terms are proportional to the equations of motion. The last term has a
different structure than the others which means that either δ = 0 or we impose a condition
on H so that the last term becomes related to one of the previous two terms. Note that if
we take δ = 0 we still need some condition on H since γ cannot also vanish. The conditions
we need in the two cases turn out to be essentially equivalent. We will therefore allow δ 6= 0
and impose the following condition on H
Had[eHbc]a = 0 . (3.6)
We will discuss this condition further at the end of the section. The last two terms in the
expression for the curvature now combine to one and we are left with
dLω3 − Lω3Lω3 = β
(
∇ ∗ ea + 1
2
ecebHbc
a
)
Pa +
δ
4
(∇ ∗ ea + 1
2
eeedHde
a
)
HabcM
bc
+
1
2
(
(1 + α)γ − (1 + δ)β)ebeaHabcP c − 1
2
(
α2 + 2α− β2)RabMab
+
1
8
(δ2 + 2δ − γ2)eeedHadbHceaM bc . (3.7)
The last three terms now vanish provided that we take
γ = β , δ = α , (3.8)
with α and β subject to the relation we found before, eq. (3.3). Again the two remaining
terms vanish precisely on the equations of motion completing the proof of integrability for
this case.
9We could also consider terms of higher order in H but we will not do so here.
– 10 –
J
H
E
P
0
9
(
2
0
1
5
)
1
1
5
3.2 H = ω2dy
In this case we will find that we need to split the curved indices a into (aˆ, a˜) where
the hatted indices denote directions with H-flux, whose non-zero components are of the
form Haˆbˆc′ . We will simplify the discussion here by only considering the terms in the
Lax connection with hatted indices. The full Lax connection will be considered in the
next section. Again there are two H-dependent terms that are natural to add to the Lax
connection and we take
Lω2 =
1
2
ωaˆbˆMaˆbˆ + (1 + αˆ)e
aˆPaˆ + βˆ ∗ eaˆPaˆ + γˆ
4
ea
′
Ha′bˆcˆM
bˆcˆ +
δˆ
4
∗ ea′Ha′bˆcˆM bˆcˆ , (3.9)
with αˆ, βˆ, γˆ, δˆ to be determined. We have anticipated the fact that the coefficients α, β
will now be different from before by denoting them with a hat. The curvature becomes
dLω2 − Lω2Lω2 = βˆ
(
∇ ∗ eaˆ + 1
2
ecebHbc
aˆ
)
Paˆ +
δˆ
4
(
∇ ∗ ea′ + 1
2
eeedHde
a′
)
Ha′bˆcˆM
bˆcˆ
+
1
2
[(1 + αˆ)γˆ − βˆδˆ − 2βˆ]ebˆea′Ha′bˆcˆP cˆ −
1
2
[(1+αˆ)δˆ−βˆγˆ] ∗ ebˆea′Ha′bˆcˆP cˆ
− 1
2
(
αˆ2 + 2αˆ− βˆ2)RaˆbˆMaˆbˆ − δˆ8eeˆedˆHa′dˆeˆHa′bˆcˆMbˆcˆ
+
1
8
(γˆ2 − δˆ2)ea′ed′Ha′bˆcˆH bˆd′eˆM cˆeˆ . (3.10)
The last term involves Hd′eˆ[bˆMcˆ]
eˆ which vanishes due to the isometry condition in eq. (2.28).
The first two terms are proportional to the equations of motion, however the third and
fourth terms must clearly vanish. This implies that we must have δˆ 6= 0 and the only
way to have a non-trivial solution is then if the fifth and sixth term combine to one. This
requires the following condition on H
Ha′dˆeˆH
a′bˆcˆ = cRdˆeˆ
bˆcˆ , (3.11)
for some constant c. Requiring this we find the following solution10
γˆ = β , δˆ = α , βˆ = ηβ , 1 + αˆ = η(2 + α) , η =
1
2
√
2− cα
2 + α
, (3.12)
where α and β satisfy the same equation as before, eq. (3.3). Note that in the special
case c = −1 this simplifies as then η = 12 . Again we see that flatness of the connection is
equivalent to the equations of motion.
10This solution does not reduce to the standard one when H → 0. A solution with this property can be
found by taking α→ 2β2 and β → 2(1 + α)β which gives
1 + αˆ =
√
1− cβ2 (1 + α) , βˆ =
√
1− cβ2 β , γˆ = 2(1 + α)β , δˆ = 2β2 .
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3.3 General case
Let us combine the cases considered so far into one general Lax connection for backgrounds
with H of the form in eq. (2.29)
L =
1
2
ωabMab+(1+α[a])e
aPa+β[a]∗eaPa+
β
4
eaHabcM
bc+
α
4
∗eaHabcM bc+βλa′Pa′ . (3.13)
Note that we have added the last term which is needed to make the Pa′-terms in the
curvature proportional to the equations of motion in the case when H has a leg along the
flat directions, H = ω2dy (recall that dλ
a′ = 12e
cebHbc
a′ and that primed indices denote
flat directions). To shorten the expression we have introduced a notation with α[a], β[a]
depending on the index a defined as
α[a] =
{
αˆ (a = aˆ)
α (a = a˜, a′)
, β[a] =
{
βˆ (a = aˆ)
β (a = a˜, a′)
, (3.14)
e.g.
β[a] ∗ eaPa = βˆ ∗ eaˆPaˆ + β ∗ ea˜Pa˜ + β ∗ ea
′
Pa′ . (3.15)
Recall that the hatted indices denote directions with non-zero NSNS flux of the form Haˆbˆc′ .
Note that Maˆb˜ = 0 (and similarly for the spin connection and curvature) by the condition
that H respect the isometries in eq. (2.28) which implies Ha′bˆcˆω
cˆd˜ = 0. Using this fact
together with the conditions on H in eqs. (3.6) and (3.11) the curvature of this connection
becomes, by a very similar calculation to the ones already performed,
dL− LL = β[a]
(
∇ ∗ ea + 1
2
ecebHbc
a
)
Pa
+
α
4
(
∇ ∗ ea + 1
2
eeedHde
a
)
HabcM
bc − α
8
ee
′
ed
′
Hd′e′a′H
a′bˆcˆMbˆcˆ . (3.16)
The last term must vanish which implies a further condition on H
Hd′e′a′H
a′bˆcˆ = 0 . (3.17)
The remaining terms vanish precisely on the equations of motion demonstrating the
integrability.
We can summarize the conditions on H for the flatness of the connection in eq. (3.13)
to be equivalent to the equations of motion as follows
HabcH
cde = c1Rab
de , Habc′H
c′de = c2Rab
de , (3.18)
where c1,2 are constants. Note that the condition in eq. (3.6) follows from the Bianchi
identity for the Riemann tensor. As mentioned in the introduction these conditions are
probably related to supersymmetry. Indeed there is one well known integrable example
which does not satisfy these conditions namely strings in AdS5 × CP2 × S1, but this
example is also non-supersymmetric (see the discussion in the introduction). It would be
interesting if a more general construction could be found but it is not clear if this is possible
if the Lax connection is built only from the isometries of the background.
Rather than dwell on these issues we will turn our attention to the topic of main
interest here, namely the integrability of the superstring on a symmetric space.
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4 Type II superstring on a symmetric space
We will consider the type II Green-Schwarz superstring. The action is
S = −T
∫
Σ
(
1
2
∗ EaEbηab −B
)
, (4.1)
where Ea are the supervielbeins of the background and B = 12E
bEaBab is the NSNS
two-form potential superfield (pulled back to the worldsheet Σ). These fields depend on
the ten bosonic coordinates xm and the 32 fermionic coordinates Θ of the superspace
background (the explicit form of the action is known up to fourth order in Θ for a general
background [22]). The equations of motion which follow from this action are
∇ ∗ Ea + 1
2
ECEBHBC
a = 0 , ∗EaEBTBαcηac + 1
2
ECEBHBCα = 0 . (4.2)
Using the superspace constraints on the torsion and H
T a = − i
2
EΓaE , H = − i
2
EaEΓaΓ11E +
1
3!
EcEbEaHabc , (4.3)
these reduce to
∇ ∗ Ea − i
2
EΓaΓ11E +
1
2
EcEbHbc
a = 0 , ∗Ea (ΓaE)− Ea (ΓaΓ11E) = 0 . (4.4)
Here, and in the following, we write the expressions that apply to type IIA. The corre-
sponding expressions for type IIB are obtained by replacing the 32-component fermion
with a doublet of 16-component ones and replacing the 32-component gamma-matrices by
16-component Weyl blocks
E → Ei , Γa → γa , Γ11 → σ3ij . (4.5)
For more details we refer the reader to the appendix of [22] whose conventions we use.
The superstring action is invariant under the isometry transformations with parameters
{a, ab}, just as in the bosonic case. It is also invariant under any supersymmetries
preserved by the background, whose parameters we denote αˆ. These combine into the
superisometry transformations (zM = (xm, Θµ))
δzM = aKa
M + abKab
M + αˆKαˆ
M = KM() . (4.6)
Since we want to describe a (ten-dimensional) symmetric space preserving n supersymme-
tries we have by definition
rank Ka
m = 10 and rank Kαˆ
µ = n . (4.7)
Defining KA() = K
M
()EM
A this means that Ka
b and Kαˆ
βˆ are invertible. Note that the
fermionic tangent space splits as dα → {dαˆ, dα′}, i.e. the 32 directions split into n associated
with the supersymmetries and the remaining 32 − n directions. In the same way the
cotangent space splits as Eα → {Eαˆ, Eα′}. We can pick coordinates adapted to this split
Θµ → {ϑµˆ, υµ′} , (4.8)
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where the n ϑ transform linearly under the supersymmetries while the 32 − n υ do not.
The frame superfields, or supervielbeins, then take the form
EA = dxmEm
A + dϑµˆEµˆ
A + dυµ
′
Eµ′
A , (4.9)
with the diagonal components Em
a, Eµˆ
αˆ and Eµ′
α′ invertible. Note that objects with a sin-
gle primed index, such as Em
α′ or Eµ′
αˆ must be at least linear in υ. This will be important
below when we restrict to the sub-superspace spanned by (xm, ϑµˆ) by setting υµ
′
= 0.
Under a superisometry transformation the frame {Ea, Eα} will in general transform
by a Lorentz rotation, but this can always be canceled by a local Lorentz transformation
so we will take
δEA = 0 , (4.10)
just as in the bosonic case. This leads to
0 = LδzEA = iδzdEA + dKA() = ∇KA() + iK()TA − EBiK()ΩBA , (4.11)
where TA, the superspace torsion, was absent in the bosonic case. The condition that the
background fields respect the isometries are
0 = δφ = iK()dφ , 0 = δH = diK()H , 0 = δF
(n) = LK()F (n) , (4.12)
where φ, H and F (n) are the dilation, NSNS three-form and RR field strengths respectively.
The same must be true for the torsion TA and Riemann curvature superfield RAB. Making
use of the invariance of the frame under the superisometries these conditions can be written
in components as
KA()dAφ = 0 , K
D
()dDHABC = 0 , K
D
()dDF
(n)
A1...An
= 0 ,
KD()dDTBC
A = 0 , KE()dERCD
AB = 0 . (4.13)
We can write the condition on the NSNS-flux in a slightly different way by noting that
the two-form potential B must transform by a gauge transformation under the isometries
which implies, as we saw in the bosonic case, that
iKH = dΛ , (4.14)
for some one-form superfield Λ. This Λ will enter the superisometry Noether current as
will be seen below.
We will now prove that the (10|n)-dimensional sub-superspace spanned by the coor-
dinates associated to isometries (xm, ϑµˆ) is a supercoset space. Calling this space M10|n
we have
M10|n =
G
H
, (4.15)
where G is the superisometry (super)group whose Lie algebra we will determine. We
therefore have the following sub-(super)spaces
M10|0 ⊂M10|n ⊂M10|32 , (4.16)
of the full superspace M10|32, where M10|0 is the bosonic symmetric space GH . This fact
may be intuitively obvious from the analogy with the bosonic case but the proof will
nevertheless be instructive.
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4.1 The supercoset subspace and superisometry algebra
We will first prove that certain superfields vanish when restricted to υ = 0. This will allow
us to construct the supergeometry of this sub-superspace explicitly. We will then show
that the same geometry follows from a supercoset construction with the superisometry Lie
algebra taking a certain form.
Let us expand out the condition that the dilaton superfield respect the superisometries
0 = KA()dAφ = 
aKa
BdBφ+ 
abKab
CdCφ+ 
αˆKαˆ
CdCφ . (4.17)
In particular we have
Ka
bdbφ = −Kaβˆdβˆφ−Kaβ
′
dβ′φ , Kαˆ
βˆdβˆφ = −Kαˆγ
′
dγ′φ−Kαˆbdbφ . (4.18)
Restricting these equations to υ = 0 and using the fact that Kb
β′ | = 0 = Kαˆγ′ | and that
Ka
b and Kαˆ
βˆ are invertible we find
daφ| = −(K−1)abKbβˆdβˆφ| , (Kαˆβˆ −Kαˆb(K−1)bcKcβˆ)dβˆφ| = 0 , (4.19)
where we have used the first equation in the last. Now we note that the matrix appearing
in the last equation is invertible11 so that finally we find
daφ| = 0 , dαˆφ| = 0 . (4.20)
Applying the same calculation to the other background superfields the invariance conditions
in eq. (4.13) give
∇aHbcd| = 0 , ∇αˆHbcd| = 0 , ∇aS| = 0 , ∇αˆS| = 0 ,
∇αˆχβ | = 0 , ∇αˆψβab| = 0 , ∇aRbcde| = 0 , ∇αˆRbcde| = 0 , (4.21)
where we have combined the RR field strengths into the bispinor superfield S defined as
S = eφ

1
2
F
(2)
ab Γ
abΓ11 +
1
4!
F
(4)
abcdΓ
abcd
−iF (1)a γaσ2 −
1
3!
F
(3)
abcγ
abcσ1 − i
2 · 5!F
(5)
abcdeγ
abcdeσ2
, (4.22)
and used the fact that F
(n)
αa1···an−1 ∼ χ and Tabα = ψαab from the superspace constraints,
where χ is the dilatino superfield and ψab is the gravitino field strength superfield. In
principle there are also constraints on other components of the superfields, e.g. Hαβc, but
these are implied by the above equations since these involve all the basic superfields. Note
that the conditions have been written in a Lorentz-covariant way involving the covariant
derivative ∇. Since the original equations involved the ordinary derivative however we
also have
Ωa[b
eHcd]e| = 0 , Ωαˆ[beHcd]e| = 0 , (4.23)
11An invertible bosonic matrix plus fermion terms is invertible.
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and similarly for the other fields, i.e. the spin connection acts trivially on them. These are
the analog of the conditions found on H in the bosonic case, eq. (2.28). By noting that we
must also have12 dα′φ| = 0 we find
dφ| = 0 , ⇒ χα| ≡ dαφ| = 0 , (4.24)
i.e. the dilatino superfield χα vanishes when restricted to the υ = 0 subspace. Using this
fact together with the superspace constraints (see the appendix of [22]) the invariance
conditions in eq. (4.21) reduce to the following (here and in the following all fields are
understood to be restricted to υ = 0):
1. Vanishing of the fermionic superfields
χα = 0 , ψαab = 0 . (4.25)
2. Constancy of the bosonic fields (i.e. invariance with respect to translations)
∇aφ = 0 , ∇aHbcd = 0 , ∇aS = 0 , ∇aRbcde = 0 . (4.26)
3. Invariance with respect to rotational isometries
Ω[a
dHbc]d = 0 , [Ω
abΓab,S] = 0 , Ω[acRb]cde = 0 . (4.27)
4. Invariance with respect to supersymmetries(
1
6
HabcΓ
abcΓ11 +
1
4
ΓaSΓa
)α
βˆ = 0 ,
(
G[aGb] − 8RabcdΓcd
)α
βˆ = 0 . (4.28)
The matrices Ga and Gab come from the dimension 1 torsion and curvature superspace
constraints (recall that the type IIB expressions are obtained by (4.5))
Taβ
γ = − 1
8
(HabcΓ
bcΓ11 + SΓa)γβ ≡ −1
8
(Ga)
γ
β , (4.29)
Rαβ
cd =
i
2
Hcde (ΓeΓ11)αβ − i
4
(Γ[cSΓd])αβ ≡ i
4
(Gcd)αβ = − i
4
(ΓcGd)(αβ) . (4.30)
The conditions coming from invariance under the supersymmetries, eq. (4.28), are the
dilatino equation and the integrability condition for the Killing spinor equation, see [13].
We are now ready to find explicitly the form of the supergeometry of this
sub-superspace.
In general the full supergeometry can be found by solving a set of first order ODE’s for
the Θ-dependence, with initial condition given by the bosonic geometry. These equations
were written for the full type II superspace in [22], where they were also solved to fourth
order in Θ. Restricting these equations to the υ = 0 subspace and using the fact that the
12In principle we could have dα′φ| = ϑµˆXµˆα′ but the condition that dα′φ respect the superisometries
implies ∇adα′φ| = ∇αˆdα′φ| = 0 which means that Xµˆα′ = 0.
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dilatino and gravitino field strength superfields vanish this system of equations simplifies
enormously and we are left with (where we’ve taken ϑ→ tϑ)
d
dt
Ea = −iEΓaϑ , d
dt
Eαˆ =
([
d− 1
4
ΩabΓab +
1
8
EaGa
]
ϑ
)αˆ
,
d
dt
Ωab = − i
4
ϑGabE ,
(4.31)
while Eα
′ | = 0 which implies the consistency conditions
Ωab(Γab)
α′
βˆ = 0 , (Ga)
α′
βˆ = 0 . (4.32)
All other superfields, φ, Habc, S, Rab are independent of ϑ. In fact they must be constant
since the bosonic geometry is a symmetric space, eq. (4.26).
The equations for the ϑ-dependence of the supervielbeins and spin connection are
easily solved, but instead of doing this we will show that the same equations follow from a
supercoset construction. Let G be a supergroup to be specified and consider the coset
G
H
. (4.33)
The Maurer-Cartan form is again
J = g−1dg , g ∈ G . (4.34)
We take a coset representative of the form
g = ex
aPaeϑ
αˆQαˆ . (4.35)
At ϑ = 0 we should get our ordinary bosonic symmetric space GH which implies that the
bosonic subgroup of G should be G. Writing
J =
1
2
ΩabMab + E
aPa + E
αˆQαˆ , (4.36)
we can determine the ϑ-expansion of the supervielbeins and spin connection by taking
ϑ → tϑ in the coset representative and using the Maurer-Cartan equation to find linear
ODE’s that determine the t-, i.e. ϑ-dependence. We find the equations
1
2
d
dt
ΩabMab +
d
dt
EaPa +
d
dt
EαˆQαˆ = dϑ
αˆQαˆ + [J(t), ϑ
αˆQαˆ] . (4.37)
These equations precisely coincide with the ones found above from the consideration of
the superspace constraints provided that the bosonic commutators are the same as found
before, eq. (2.10), while the commutators involving Qαˆ in the Lie algebra of G should take
the form
[Pa, Qαˆ] =
1
8
(QGa)αˆ , [Mab, Qαˆ] = −1
2
(QΓab)αˆ ,
{Qαˆ, Qβˆ} = i(Γa)αˆβˆ Pa −
i
8
(Gab)αˆβˆMab . (4.38)
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Note that the matrices Ga and Gab defined in terms of the fluxes in eqs. (4.29) and (4.30)
are indeed constant as required. To show that this is a (super) Lie algebra we need to verify
the Jacobi identities. It is not hard to show, using the invariance conditions eqs. (4.27)
and (4.28) together with the consistency conditions in eq. (4.32) and the definitions of
Ga and Gab in eqs. (4.29) and (4.30), that they are indeed satisfied. The only somewhat
non-trivial cases are the QPP and QQQ Jacobi identities. The former requires multiplying
the Killing spinor integrability condition in eq. (4.28) by a gamma-matrix, symmetrizing in
the spinor indices and noting that the Bianchi identity for the curvature then implies that
(G[abGc])(αˆβˆ) = 0 . (4.39)
To verify the QQQ Jacobi identity one must use the symmetry properties of S, i.e. S(αβ) = 0
as follows from eq. (4.22), and the basic Fierz identity
Γa(αβ(ΓaΓ11)γδ) = 0 . (4.40)
We can derive further conditions from the requirement that there exist an invariant
bilinear form, which we denote Str(· · · ), on the Lie superalgebra such that
Str(PaPb) = c[a]ηab , (4.41)
where c[a] are constants that can take a different value for each irreducible factor in the
geometry. They are related to the relative radius of curvature of the different factors in
the geometry. For the backgrounds listed in table 1 and 2 c[a] takes values 1 or 2 in
our conventions.
Taking the trace of the QQ-commutator in eq. (4.38) with Pa we get
13
ic[a](CΓa)αˆβˆ = Str([Pa, Qαˆ]Qβˆ) =
i
8
(KGa)βˆαˆ , (4.42)
where C is the charge-conjugation matrix (which we leave implicit when there is no risk of
confusion, e.g. in eq. (4.38)) and
Kαˆβˆ = iStr(QαˆQβˆ) (4.43)
is the anti-symmetric invariant metric in the fermionic sector. We see from eq. (4.42)
that Kαˆβˆ must be non-degenerate and therefore it follows that there exists a matrix K̂αˆβˆ
such that
K̂K = P , (4.44)
where P is the projector whose only non-zero entries are P αˆβˆ = δαˆβˆ , i.e. P projects on the
fermionic directions associated with supersymmetries. It will be somewhat more convenient
to work instead, as in [13], with the object
Sˆ ≡ 8K̂C (4.45)
13We see that at least some of the fluxes must be non-zero for this to be possible since otherwise Ga
vanishes. In that case we would have flat space and we could solve the theory directly.
– 18 –
J
H
E
P
0
9
(
2
0
1
5
)
1
1
5
which has the same placement of spinor indices as the gamma matrices. In terms of this
object we then have the relation
(Ga)
α
βˆ = c[a](SˆΓa)αβˆ . (4.46)
From the definition of Ga in eq. (4.29) we see that Sˆ provides, in a sense, an analog of the
RR bispinor S for cases with non-zero NSNS flux. In the case of zero NSNS flux we find
that we must take
Habc = 0 : Sˆ = S c[a] = 1 . (4.47)
It is important to note that this conclusion only holds if there is some non-zero amount of
supersymmetry preserved since otherwise Sˆ does not exist but S of eq. (4.22) certainly does.
Similarly we find by taking the trace of the QQ-commutator with Mab that
(Gab)αˆβˆ = −
1
c[a]
Rab
cd(KΓcd)αˆβˆ = −c[a](CΓ[aSˆΓb])αˆβˆ . (4.48)
In the last step we made use of the supersymmetry conditions in eq. (4.28). Using these
relations the commutators involving Q take the form
[Pa, Qαˆ] =
c[a]
8
(QSˆΓa)αˆ , [Mab, Qαˆ] = −1
2
(QΓab)αˆ ,
{Qαˆ, Qβˆ} = i(Γa)αˆβˆ Pa +
ic[a]
8
(ΓaSˆΓb)αˆβˆMab . (4.49)
Notice that the relation (4.48) implies
0 = (Gab′)αˆβˆ = −(ΓaGb′)(αˆβˆ) , (4.50)
where b′ denotes any flat direction. Since this must hold for all a there is generically no
solution except
(Ga′)
α
βˆ = 0 . (4.51)
From eqs. (4.46) and (4.42) we then find the conditions (we insist that c[a′] 6= 0)
(SˆΓa′)αβˆ = 0 , (Γa′)αˆβˆ = 0 . (4.52)
These conditions imply that the translations in the flat directions Pa′ completely decouple
from the algebra in eq. (4.49) and therefore just generate U(1) factors.
4.2 Special case: (semi)symmetric superspace
The definition of a (bosonic) symmetric space involves a Z2-automorphism, or involution,
of the Lie algebra g which acts as
Pa → −Pa , Mab →Mab . (4.53)
In general this automorphism will not extend to the full superisometry algebra and GH will
just be a homogeneous superspace. In the case when it extends to a Z2-automorphism of
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the superalgebra we get a symmetric superspace. More generally, if it extends to a auto-
morphism which is not Z2, the corresponding supercoset space is called a semisymmetric
superspace [20]. In that case it must act on the fermionic generators as
Qαˆ → QβˆΣβˆ αˆ , (4.54)
where the matrix Σ satisfies the following relations, needed to preserve the form of the
commutators in eq. (4.38),
(ΣGaΣ
−1)βˆ αˆ = − (Ga)βˆ αˆ , (ΣΓcdΣ−1)βˆ αˆRcdab = (Γcd)βˆ αˆRcdab ,
(ΣTCΓaΣ)αˆβˆ = − (CΓa)αˆβˆ , (ΣTGabΣ)αˆβˆ = (Gab)αˆβˆ . (4.55)
Using instead the form of the algebra in eq. (4.49) and simplifying we see that these
conditions can be reduced to the two conditions
(ΣTKΣ)αˆβˆ = Kαˆβˆ , (ΣTCΓaΣ)αˆβˆ = −(CΓa)αˆβˆ . (4.56)
4.2.1 Habc = 0 case
Consider the case when the NSNS flux vanishes, i.e. Habc = 0. As we have seen we have in
this case S = Sˆ = PSˆ (as already remarked this is only true if the background preserves
some amount of supersymmetry, but this is precisely the case that is relevant here). Since
furthermore [S,Γ11] = 0 (or {S, σ3} = 0 for type IIB), as follows from eq. (4.22) , we
conclude that Γ11 commutes with P or equivalently
(Γ11)
α′
βˆ = 0 , (Γ11)
αˆ
β′ = 0 . (4.57)
Taking
Σαˆβˆ = i(Γ11)
αˆ
βˆ (4.58)
it is easy to see that the conditions in eq. (4.56) are satisfied. Furthermore we have Σ2 = −1
which means that we have a Z4-automorphism of the superisometry algebra. Therefore,
when there is no NSNS flux, the supercoset sub-superspace is a semisymmetric superspace.
4.2.2 Habc 6= 0 case
When there is non-zero NSNS flux the supercoset subspace may or may not be a semisym-
metric superspace. Let us consider the examples which are known to exhibit integrability.
For AdS3 × S3 × S3 × S1 one can show that
Σ = iΓ11′ ≡ i(qΓ9 + qˆΓ11) , (4.59)
where q2 + qˆ2 = 1 and q controls the amount of NSNS flux while qˆ controls the amount of
RR flux, satisfies the conditions in eq. (4.56). In particular it is easy to see from the form
of the projector P and the matrix Sˆ given in [13] that
[Γ11′ ,P] = 0 , [Γ11′ , Sˆ] = 0 , {Γ11′ ,Γa} = 0 (a 6= 9) . (4.60)
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This, together with eq. (4.52), is enough to verify the conditions in eq. (4.56), and since
Σ2 = −1 we again have a Z4-automorphism.
Similarly for AdS2 × S2 × S2 × T 4 we find, using the expressions for P and Sˆ given
in [13] that Σ = iΓ11′ satisfies the same conditions as in the AdS3×S3×S3×S1 case, and
again gives rise to a Z4-automorphism.
Considering for example AdS3 × S2 × S3 × T 2 we find that we would need to take
Σ = iΓ9. This satisfies the same conditions as above except that now Γ9 anti-commutes,
rather than commutes, with Sˆ. This extra sign means that it is not possible to satisfy the
conditions in eq. (4.56) and so the supercoset subspace in this case is not a semisymmetric
superspace. The same turns out to be true for the other examples with a mix of two
and three-dimensional factors in the geometry in table 2. Since the string was shown
to be integrable also for these backgrounds in [13] the existence of a semisymmetric sub-
superspace, or a Z4-automorphism of the isometry algebra, cannot be a necessary condition
for (classical) integrability.
4.3 Killing vectors and Killing spinors
We can now construct the Killing vectors and Killing spinors valued in the Lie algebra as
we did for the Killing vectors in the bosonic case (recall that K̂K = P)
Ka = gP ag−1 , ξαˆ = −iK̂αˆβˆgQβˆg−1 . (4.61)
Making use of the algebra in eq. (4.38) and the definition of the Maurer-Cartan form we find
∇Ka = −iξΓaE − 1
2
EbRb
acdgMcdg
−1 (4.62)
and
∇ξαˆ = −1
8
Ea (Gaξ)
αˆ +
1
8
(GaE)
αˆKa +
1
8
(ΓabE)αˆRab
cdgMcdg
−1 . (4.63)
These equations precisely coincide with the superspace Killing equations in eq. (4.11) re-
stricted to υ = 0 (with the constant parameters  replaced by generators of the Lie algebra)
upon the identifications
∇aKb = KCΩCab = −1
2
RabcdgMcdg
−1 , Kαˆ = ξαˆ . (4.64)
Using their definition and the algebra in eq. (4.49) the Killing vectors and Killing spinors
constructed in this way are found to satisfy the following commutation relations (suppress-
ing the spinor indices)
[Ka,Kb] = ∇aKb , [Kc,∇aKb] = RabcdKd , [Ka, ξ] = −
c[a]
8
SˆΓaξ = ∇aξ ,
[∇aKb, ξ] = − 1
4
Rab
cdΓcdξ , {ξ, ξ} = − i
64
(SˆΓaSˆC)Ka + i
32c[aˆ]
(ΓabSˆC)∇aKb .
(4.65)
This form of the algebra of Killing vectors and Killing spinors (with ξ rescaled by
√
8) was
postulated already in [13] based on experience with specific cases. Here we have derived it
from first principles.
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4.4 Superisometry Noether current
Here we will underline the quantities defined in the full 10|32-dimensional superspace to
distinguish them from the corresponding supercoset quantities, e.g. Ea = Ea(x, ϑ, υ) and
Ea = Ea|υ=0. The superisometry Noether current of the string takes the simple form
J = EaKa + ∗Λ , where dΛ = iKH . (4.66)
It is easily seen to be conserved
d ∗ J = d(∗EaKa) + iKH = ∇ ∗ EaKa − ∗EaiKT bηab + iKH
= Ka
(
∇ ∗ Ea − i
2
EΓaΓ11E +
1
2
EcEbHabc
)
− iξ( ∗ Ea ΓaE − Ea ΓaΓ11E) , (4.67)
where we used eq. (4.11) and the superspace constraint on the NSNS three-form H and
torsion T a. The first term is proportional to the bosonic equations of motion while the
second is proportional to the fermionic equations of motion so that indeed d∗J = 0 on-shell.
We can expand J in the generators of the superisometry Lie algebra (or rather in the
Killing vectors and Killing spinors) as
J = g(J aPa + 1
2
J abMab + J αˆQαˆ)g−1 . (4.68)
The conservation of J then implies the following equations for the components
∇ ∗ J a + Eb ∗ Jba + iEΓa ∗ J = 0 , (4.69)
∇ ∗ J ab + Ec ∗ J dRcdab − i
4
EGab ∗ J = 0 , (4.70)
∇ ∗ J αˆ − 1
8
Ea (Ga ∗ J )αˆ − 1
8
∗ J a (GaE)αˆ + 1
4
∗ J ab (ΓabE)αˆ = 0 . (4.71)
These equations will be useful when constructing the Lax connection for the string in the
next section.
In appendix A J is computed up to quadratic order in the non-coset fermions υ.
5 Integrability for the superstring
We will first treat the case of zero NSNS flux for which we will find a general Lax connection
up to quadratic order in the non-coset fermions υ. For the case of non-zero NSNS flux we
have not found a general construction so we will concentrate on the known examples in
table 2.
5.1 General Lax connection: Habc = 0 case
We will simply postulate a Lax connection and then show that its flatness implies the
equations of motion to quadratic order in υ. We take
L =
1
2
ΩabMab +
(1 + α)β
2
∗ J abMab + β
2
2
J abMab
+ (1 + α)EaPa + β ∗ J aPa +QV E + βQV † ∗ J ′ , (5.1)
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where all dependence on the non-coset fermions υ comes through the components of the
superisometry Noether current J . Here we have defined
J ′αˆ = J αˆ + 1
2
Γ11 ∗ E (5.2)
and
V =
1√
2
(
√
2 + α−√αΓ11) , V † ≡ −CV TC = 1√
2
(
√
2 + α+
√
αΓ11) . (5.3)
The parameters α and β are related by the same equation as before
β2 = (1 + α)2 − 1 , (5.4)
which implies that the matrix V satisfies the relations
V V † = 1 , V 2 = 1 + α− βΓ11 . (5.5)
The Z4-automorphism acts as
14
α→ −2− α , β → −β , V → −iΓ11V . (5.6)
When restricted to υ = 0 this Lax connection reduces to the standard Lax connection for
a Z4-symmetric supercoset sigma-model.
15
Using the conservation equations for the components of the Noether current in
eqs. (4.69)–(4.71), the superspace constraints for the supercoset subspace (with Habc = 0)
T a = − i
2
EΓaE , Tα =
1
8
Ea (SΓaE)α , Rab = − i
8
EΓaSΓbE + 1
2
EdEcRcd
ab , (5.7)
and the superisometry algebra in eqs. (2.10) and (4.49) we find for the terms in the curvature
of L proportional to Pa
1
β2
[dL− LL]Pa =β ∗ (J b − Eb)Jba − (1 + α)(J b − Eb)Jba −
i
2
J ′V 2ΓaJ ′ . (5.8)
Note that we have used the identities satisfied by V in eq. (5.5) to simplify the expression.
The υ-expansion of J in appendix A shows that J ab is of order υ2, and since J a =
Ea + O(υ) the first two terms are of order υ3. For the last term we observe that at the
14A convenient choice that is often made is
α =
2x2
1− x2 , β =
2x
1− x2
so that the Z4-automorphism acts by inversion of the spectral parameter x→ 1x .
15This is often written in terms of the components of the Maurer-Cartan form split according to the
Z4-grading:
J0 =
1
2
ΩabMab , J2 = E
aPa , J1 =
(
1
2
(1 + Γ11)E
)α
Qα , J3 =
(
1
2
(1− Γ11)E
)α
Qα .
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linear order in υ we have J ′αˆ = A+ Γ11 ∗A for a certain one-form A, which is easily seen
to imply that the υ2 contribution from the last term vanishes. We therefore have
[dL− LL]Pa = O(υ3) . (5.9)
Next we turn to the components of the curvature proportional to Qαˆ. After a little bit of
simplification we find
1
β2
V †[dL− LL]Q =− 1
8
J a SΓaJ ′ + 1
8
Ea SΓaΓ11 ∗ J ′ − 1
4
J ab ΓabE + 1
4
∗ J ab ΓabΓ11E
− 1
4
(
(1 + α) ∗ J ab + βJ ab)Γab(V †)2 ∗ J ′ . (5.10)
The last term is clearly of cubic order in υ and we can forget about it. The remaining
terms cancel to order υ2 due to the identity in eq. (A.15) derived in the appendix.
Finally we have the terms in the curvature proportional to Mab. They take the form
1
β2
[dL− LL]Mab =
1
2
∇J ab + 1
4
EcEdRcd
ab − 1
4
J cJ dRcdab − i
8
EΓ[aSΓ11Γb] ∗ J ′
− i
16
J ′ΓaSΓbJ ′ − 1
2
J acJcb . (5.11)
The last term is quartic in υ and can be dropped. The remaining terms cancel to order
υ2 due to the identity in eq. (A.16) derived in the appendix. This shows that the Lax
connection in eq. (5.1) is indeed flat, i.e.
dL− LL = O(υ3) , (5.12)
when evaluated on the equations of motion. We also need to show that flatness implies
the equations of motion. Going through the same calculation again but retaining terms
proportional to the equations of motion we find that flatness of the Lax connection implies
the conservation equations (4.69)–(4.71) together with the following equation which arises
in deriving the identity in eq. (A.16) (here we are using the fact that the conservation
equations imply the supercoset equations of motion when evaluated at υ = 0)
υΓcdΓ11
(
∗ (Ee − iEΓeυ) Γe(E +Dυ)− (Ee − iEΓeυ) ΓeΓ11(E +Dυ)
)
Rcd
ab =O(υ3) .
(5.13)
Using the expansion of J given in the appendix we find that at the linear order in υ the
conservation equations (4.69)–(4.71) become, after using the lowest order equation, the
supercoset torsion constraints eq. (5.7) and the Fierz identity eq. (4.40),
∇ ∗ (Ea − iEΓaυ) + i
4
∗ Eb υΓ[bSΓa]E − i
2
EΓaΓ11E − iEΓaΓ11Dυ =O(υ2) (5.14)
∗(Ea − iEΓaυ) (SΓa(E +Dυ))− (Ea − iEΓaυ) (SΓaΓ11(E +Dυ)) =O(υ2) . (5.15)
Using the expansion of the supervielbeins given in appendix A it is easy to see that the
first equation coincides with the expansion of the bosonic equation of motion in eq. (4.4) to
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linear order in υ (note that the second term comes from expanding the spin connection).
Similarly the second equation is precisely the fermionic equation of motion to linear order
in υ projected onto the n supersymmetry directions, or more precisely, it is
ΨP = 0 , (5.16)
where Ψ = 0 is the fermionic equation of motion in eq. (4.4) and P is the supersymmetry
projector introduced previously. The conservation equations therefore do not give all the
equations of motion but just, as should be expected, the ones for the coordinates associated
with (super)isometries. But recall the extra condition we found, eq. (5.13), which takes
the form (modulo higher order terms in υ)
ΨΓcdΓ11υ Rcd
ab = 0 . (5.17)
Using the fact that (ΓcdΓ11)
αˆ
β′ Rcd
ab = 0 this implies precisely the missing components
of the fermionic equations of motion, i.e. the ones corresponding to the 32 − n non-
supersymmetric directions
Ψ(1− P) = 0 . (5.18)
Therefore we conclude that the flatness of the Lax connection in eq. (5.1) is indeed equiv-
alent to the string equations of motion (at least to quadratic order in υ) which concludes
the proof of the (classical) integrability.
It is important to note that in the above proof of the integrability we assumed that
there is some non-zero amount of supersymmetry preserved by the background. This is
because we used the relation S = Sˆ and in particular S = PS which, as we remarked
earlier, only follow in the presence of supersymmetry. Computing the curvature of the Lax
connection in eq. (5.1) in the non-supersymmetric case, in which case the Q-term is absent
and the vielbeins and spin connection are just the bosonic ones, we find that the Pa-terms
cancel as before but we are left with and Mab-term coming from ∇J ab
dL− LL ∝ EcEd υΓcΓabSΓdυ RabefMef + ∗EcEd υΓcΓabSΓdΓ11υ RabefMef . (5.19)
Note that this term could be written as the J ′J ′-term in the supersymmetric case in
eq. (A.16). In that case it was canceled by a term in the curvature coming from (QJ ′)2.
This is not possible in the non-supersymmetric case and since this term is generically
non-zero the Lax connection constructed here does not work in the non-supersymmetric
case. Integrability of the string in a non-supersymmetric symmetric space RR background
therefore remains an open question.
5.2 Supercoset Lax connections: Habc 6= 0 cases
For the cases with non-zero NSNS flux we have not been able to find a general form of the
Lax connection like we found for the case of zero NSNS flux. We will therefore construct
the Lax connection case by case (actually it turns out that we can cover several cases with
one construction) for the known supersymmetric symmetric space backgrounds with non-
zero NSNS flux in table 2. We will describe only the Lax connection for the corresponding
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supercoset models here as it is clear that it can be extended to the full string by including
the additional υ fermions just as we did in the case of zero NSNS flux since a Lax connection
up to quadratic order in all fermions (i.e. ϑ and υ) was already constructed in [13].
A supercoset Lax connection for AdS3 × S3 × S3 × S1 with mixed RR and NSNS flux
was already constructed in [14]. Since our construction, described below, should simply
result in a Lax connection related to theirs by a gauge-transformation we will skip this case
and concentrate on the cases for which a supercoset Lax connection has not previously been
constructed.
5.2.1 AdS2 × S2 × S2 × T 4
We will first consider AdS2 × S2 × S2 × T 4 with a mix of RR and NSNS flux (related by
S-duality to the pure RR flux case). For the details of the solution see [13]. A natural guess
for the Lax connection is the straightforward generalization of the bosonic Lax connection
in eq. (3.13) namely (we have dropped the Ea
′
Pa′ term since it has no effect)
L =
1
2
ΩaˆbˆMaˆbˆ + (1 + αˆ)E
aˆPaˆ + βˆ ∗ EaˆPaˆ + β(∗Ea′ + Λa′)Pa′
+
β
4
Ea
′
Ha′bˆcˆM
bˆcˆ +
α
4
∗ Ea′Ha′bˆcˆM bˆcˆ +QV E , (5.20)
where we have added a term involving the supersymmetry generators Q. Like in the
previous section V is a matrix depending on the spectral parameter whose form will be
determined below. Recall that the index a′ runs over the flat T 4-directions while aˆ, in this
case, runs over the rest and that the one-form Λa
′
is defined so that dΛa
′
= 12E
BEAHAB
a′
in analogy with the bosonic case (the only purpose of the Pa′-term in the Lax connection
is to encode the equation of motion of the flat directions).16 The NSNS flux is of the form
H ∼ ω2dy and satisfies [13]
Haˆbˆc′H
c′dˆeˆ = −q2Raˆbˆdˆeˆ . (5.21)
Comparing to eqs. (3.11) and (3.12) we have17
βˆ = ηβ , 1 + αˆ = η(2 + α) , η =
1
2
√
2 + q2α
2 + α
. (5.22)
16As an explicit realization we can take
Λa
′
= ha
′
aˆbˆΩ
aˆbˆ ,
where ha′bc is defined so that Rbc
deha′de = Ha′bc. Indeed, using the fact that Ga′E = 0 and eq. (5.25)
we get
dΛa
′
=
1
2
E bˆEaˆHa
′
aˆbˆ −
i
2
EΓa
′
Γ11E =
1
2
EBEAHAB
a′ .
Let us also note for completeness that the B-field of this supercoset model can be constructed as
B = Ea
′
Λa′ − i
4
EKΓ11E ,
as can be shown using similar identities.
17To have a natural action of the Z4-automorphism we should take instead the choice described in
footnote 10.
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When we compute the curvature of this Lax connection it is clear that the terms
involving two bosonic supervielbeins will be of the right form since for these terms the
calculation is exactly the same as in the bosonic case. This means that we only need to
check the terms involving fermionic supervielbeins. Using the supercoset constraints on
the torsion and curvature (see for example [22])
T a = − i
2
EΓaE , Rab =
i
8
EGabE +
1
2
EdEcRcd
ab , (5.23)
and the superisometry algebra in eq. (4.49) we find the following terms in the curvature of
the Lax connection containing two fermionic supervielbeins (note that we must take into
account the EΓaΓ11E term coming from the bosonic equations of motion)
(dL− LL)0,2 =− i
2
(1 + αˆ)EΓaˆE Paˆ +
iβˆ
2
EΓaˆΓ11E Paˆ +
i
2
EV †ΓaˆV E Paˆ
− i
8
EΓaˆSˆΓbˆEMaˆbˆ +
i
8
EV †ΓaˆSˆΓbˆV EMaˆbˆ +
iα
8
EΓa′Γ11EH
a′bˆcˆMbˆcˆ .
(5.24)
Here we have used eqs. (4.48) and (4.52) and the fact that c[aˆ] = 2. To prove the flatness
of the Lax connection we will need, in addition to the general conditions derived so far,
the following two conditions involving Γ9′ = qˆΓ9 − qΓ11 (recall that the Z4-automorphism
involves Γ11′ = qΓ9 + qˆΓ11 satisfying (4.60) and that q
2 + qˆ2 = 1)
q(SˆΓa′Γ9′)αˆβˆ = −Ha′bˆcˆ(Γbˆcˆ)αˆβˆ , (SˆΓaˆΓ9′)αˆβˆ = 0 . (5.25)
Multiplying the first first equation with K and contracting with Ha′bˆcˆ we find
8(CΓa′Γ9′)αˆβˆH
a′bˆcˆ = q(KΓdˆeˆ)αˆβˆRdˆeˆbˆcˆ = 4q(CΓbˆSˆΓcˆ)αˆβˆ , (5.26)
which lets us write the last term in eq. (5.24) in a similar form as the previous two terms.
Furthermore, since the matrix V must satisfy PV P = V there is essentially only one choice
possible namely
V = a+ bΓ11′ , V
† = a− bΓ11′ , (5.27)
for some constants a and b depending on the spectral parameter to be determined. This is
the analog of the pure RR case, eq. (5.3). Recall that Σ = iΓ11′ was the matrix appearing
in the Z4-automorphism of the algebra discussed in section 4.2. Using the fact that Γ11 =
qˆΓ11′ − qΓ9′ and the relations in eqs. (4.60) and (5.25) we finally find
(dL− LL)0,2 = i
2
(a2 + b2 − 1− αˆ)EΓaˆE Paˆ + i
2
(2ab+ qˆβˆ)EΓaˆΓ11′E Paˆ
+
i
4
(
a2 − b2 − 1− q
2α
2
)
EΓaˆSˆΓbˆEMaˆbˆ . (5.28)
These three terms have to vanish separately giving us three conditions on two unknowns.
Luckily this overdetermined system has a solution namely
a =
1
2
(√
1 + αˆ− qˆβˆ +
√
1 + αˆ+ qˆβˆ
)
, b =
1
2
(√
1 + αˆ− qˆβˆ −
√
1 + αˆ+ qˆβˆ
)
. (5.29)
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This means that V satisfies similar identities to the zero NSNS flux case (eq. (5.5))
V V † = 1 +
q2α
2
, V 2 = 1 + αˆ− qˆβˆΓ11′ . (5.30)
It remains to check the terms in the curvature proportional to one bosonic and one
fermionic supervielbein. Using the constraint on the fermionic torsion
Tα =
1
8
Ea (GaE)
α =
1
4
Eaˆ (SˆΓaˆE)α , (5.31)
these become
(dL− LL)1,1 =1
4
EaˆQV SˆΓaˆE − 1
4
((1 + αˆ)Eaˆ + βˆ ∗ Eaˆ)QSˆΓaˆV E
+
1
8
(βEa
′
+ α ∗ Ea′)Ha′bˆcˆQΓbˆcˆV E . (5.32)
Using eqs. (4.52) and (5.25) together with the identities satisfied by V , eq. (5.30), this can
be written as
(dL− LL)1,1 = − βˆ
4
QV †Sˆ
(
∗ EaΓaE − EaΓaΓ11E
)
+
qα
8
QV SˆΓ9′
(
∗ EaΓaE − EaΓaΓ11E
)
+
q
8
Ea
′
Q[(β + qˆαΓ11′)V − 2βˆV †]SˆΓ9′Γa′E . (5.33)
Using the identities satisfied by V , we find that
(β + qˆαΓ11′)V − 2βˆV † = 0 (5.34)
so that the last term vanishes. The first term is proportional to the fermionic equation
of motion of the supercoset model. At first glance then second term does not look like
it is coming from the supercoset action since Γ9′ does not commute with the projector
P1 = 12(1 + Γ6789
′
), where P = P1P2 is the supersymmetry projector (see [13]). However,
recalling the fact that kappa symmetry implies that
ΓΨ = Ψ , (5.35)
where Ψ = 0 is the full fermionic equation of motion of the Green-Schwarz string and
1
2(1 + Γ) is the kappa symmetry projector, we have
0 = P1Ψ = P1ΓΨ = ΓΓ11P1Γ11Ψ , (5.36)
where the last step holds provided that ΓΓ11 ∝ εijEiaEjbΓab commutes with P1. From the
form of P1 we see that this is true as long as there is no motion in the T 4-directions. We
conclude that at least for such configurations the equations following from flatness of the
proposed Lax connection are indeed equivalent to the supercoset equations of motion.
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This concludes the proof of the classical integrability of the supercoset model corre-
sponding to AdS2×S2×S2×T 4 with mixed RR and NSNS flux. Note that this background
corresponds to the supercoset
D(2, 1;α)
SO(1, 1)× SO(2)× SO(2) ×U(1)
4 , (5.37)
where the last U(1) torus direction (x9) decouples and can consistently be removed. The
three remaining torus directions cannot be removed as H has a leg along them and so they
couple to the other coordinates through the equations of motion. Let us now consider the
remaining backgrounds in table 2.
5.2.2 AdS2,3 × S2,3 × S2,3 × T 2,3
These backgrounds have non-tunable NSNS flux on the two-dimensional factor(s) times a
torus direction and are related by Hopf T-dualities to AdS3 × S3 × S3 × S1 with pure RR
flux. The details of the solutions were given in [13]. The construction of the supercoset
Lax connection is very similar to the AdS2 × S2 × S2 × T 4 case. We take
L =
1
2
ΩaˆbˆMaˆbˆ + Ω
a˜b˜εa˜b˜c˜P
Lc˜ + (1 + αˆ)EaˆPaˆ + βˆ ∗ EaˆPaˆ + (1 + α)Ea˜PLa˜ + β ∗ Ea˜PLa˜
+ β(∗Ea′ + Λa′)Pa′ + β
4
Ea
′
Ha′bˆcˆM
bˆcˆ +
α
4
∗ Ea′Ha′bˆcˆM bˆcˆ +QV E , (5.38)
where now aˆ runs over the two-dimensional curved factors in the geometry and a˜ runs over
the three-dimensional curved factors. The NSNS flux now satisfies
Haˆbˆc′H
c′dˆeˆ = −Raˆbˆdˆeˆ , (5.39)
so that
1 + αˆ = 1 +
α
2
, βˆ =
β
2
. (5.40)
These expressions are just the AdS2× S2× S2× T 4 ones with q = 1. We will see that this
holds for the other equations as well.
A difference compared to the bosonic Lax connection in eq. (3.13) is that the generators
Pa˜, Ma˜b˜ now only appear in the combination
PLa˜ =
1
2
(
Pa˜ +
1
4
εa˜b˜c˜M
b˜c˜
)
. (5.41)
These generate the “left” su(2) (sl(2)) of the SO(4) (SO(2, 2)) isometries of S3 (AdS3)
and satisfy
[PLa˜ , P
L
b˜
] =
1
2
εa˜b˜c˜P
Lc˜ . (5.42)
Note that the “right” su(2) (sl(2)) decouples, in the sense that
[PRa˜ , P
L
b˜
] = 0 , [PRa˜ , Q] = 0 , (5.43)
where PR is defined like PL but with the opposite sign for the Ma˜b˜ term. Keeping only
the PL-term in the bosonic Lax connection in eq. (3.13) does not change the analysis there
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since the PR terms decouple. Therefore the terms in the curvature proportional to two
bosonic supervielbeins will again vanish modulo the equations of motion.
Looking at the terms with two fermionic supervielbeins we find
(dL− LL)0,2 =− i
2
(
1 +
α
2
)
EΓaˆE Paˆ +
iβ
4
EΓaˆΓ11E Paˆ +
i
2
EV †ΓaˆV E Paˆ
− i
2
(1 + α)EΓa˜E PLa˜ +
iβ
2
EΓa˜Γ11E P
L
a˜ +
i
2
EV †Γa˜V E Pa˜
− i
8
EΓaˆSˆΓbˆEMaˆbˆ +
i
8
EV †ΓaˆSˆΓbˆV EMaˆbˆ +
iα
8
EΓa′Γ11EH
a′bˆcˆMbˆcˆ
− i
8
EΓa˜SˆΓb˜E εa˜b˜e˜PLe˜ +
i
16
EV †Γa˜SˆΓb˜V EMa˜b˜ . (5.44)
where we used the fact that c[aˆ] = 2 and c[a˜] = 1. Taking V to be given by the expression
in eqs. (5.27) and (5.29) but with q = 1 we find
V = V † =
√
1 +
α
2
. (5.45)
Using this and the fact that the identities in eq. (5.25) still hold (the last one holds also
with aˆ→ a˜), but with q = 1 so that Γ9′ = −Γ11 and Γ11′ = Γ9, the terms involving hatted
indices cancel in the same way as in the previous section and we are left with
(dL− LL)0,2 =− i
2
(1 + α)EΓa˜E PLa˜ −
i
8
EΓa˜SˆΓb˜E εa˜b˜e˜PLe˜
+
i
4
(2 + α)EΓa˜E Pa˜ +
i
32
(2 + α)EΓa˜SˆΓb˜EMa˜b˜ . (5.46)
Using the additional relation
EΓ[a˜SˆΓb˜]E = 2EΓc˜E εa˜b˜c˜ (5.47)
and the form of PLa˜ we see that the remaining terms indeed cancel.
It remains to analyze the terms with one bosonic and one fermionic supervielbein or,
equivalently, the terms in the curvature of L involving Q. Using
Tα =
1
8
Ea (GaE)
α =
1
4
Eaˆ (SˆΓaˆE)α + 1
8
Ea˜ (SˆΓa˜E)α (5.48)
together with the relations in eqs. (4.52) and (5.25) these take the form
(dL− LL)1,1 =− β
8
QV Sˆ
(
∗ EaˆΓaˆ + ∗Ea˜Γa˜E − Ea′Γa′Γ11E
)
− α
8
QV SˆΓ11
(
∗ Ea′Γa′E − EaˆΓaˆΓ11E − Ea˜Γa˜Γ11E
)
. (5.49)
The first term is proportional to the fermionic equation of motion of the supercoset model.
The second term looks different since Γ11 does not commute with P1 = 12(1+Γ9) (T 2-cases)
or P1 = 12(1 + Γ0123456) (T 3-cases) appearing in the supersymmetry projector P (see [13]).
But, just as we saw in the last section we have
0 = P1Ψ = P1ΓΨ = ΓΓ11P1Γ11Ψ , (5.50)
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where 12(1 + Γ) is the kappa symmetry projector and Ψ = 0 is the fermionic equation
of motion, provided that ΓΓ11 ∝ εijEiaEjbΓab commutes with P1, i.e. as long as there
is no motion in the x9-direction for the T 2-cases or in the T 3-directions. Therefore we
conclude that at least for such configurations of the string the flatness of the proposed Lax
connection is indeed equivalent to the equations of motion.
This completes the proof of the classical integrability of the corresponding supercoset
models, e.g.
AdS2 × S2 × S3 × T 3 : D(2, 1;α)× SU(2)
SO(1, 1)× SO(2)× SO(3) ×U(1)
3
AdS3 × S3 × S2 × T 2 : D(2, 1;α)× SL(2,R)× SU(2)
SO(2, 1)× SO(3)× SO(2) ×U(1)
2 .
Let us note that since all identities we used in this section were the same as in the
last section but with q = 1 and the Lax connections had the same form (modulo the
fact that the a˜-directions were absent in the first case) we can in fact describe all the
AdS2,3 × S2,3 × S2,3 × T 2,3,4 cases in table 2 with the Lax connection in eq. (5.38).
6 Conclusions
We have seen how the well known integrability of the bosonic string on a symmetric space,
described by a symmetric space sigma model, extends also to the case of non-zero NSNS
flux which respects the isometries provided the latter “squares” to the Riemann tensor.
This condition cannot be the most general condition for integrability however, as we have
remarked, and an interesting open problem is to find the most general condition on H
needed for integrability. Our main concern here was however the integrability of the super-
string on symmetric spaces. In the case of zero NSNS flux we have shown the integrability
of the type II superstring by showing that it can be viewed as an extension of a supercoset
sigma model by additional fermions and showing that this extension preserves the integra-
bility of the original supercoset model. We demonstrated this explicitly up to quadratic
order in the non-coset fermions and we believe it to hold to all orders though a proof is
so far lacking. We proved the integrability only in the case where there is some non-zero
amount of supersymmetry preserved. The non-supersymmetric case deserves further study.
In the case of non-zero NSNS flux the integrability question is more complicated and we
have not been able to find a general construction of the Lax connection for the superstring.
Therefore we had to settle for showing that a similar Lax connection construction as for
the zero NSNS flux case exist for the known supersymmetric symmetric space backgrounds
with NSNS flux (table 2). Here we constructed explicitly the corresponding supercoset Lax
connections, which have not appeared in the literature before, and noted that it must be
possible to extend them by the non-coset fermions since an alternative Lax connection was
found to second order in all the fermions in [13].
Some results derived on the way include a proof that a (type II) symmetric space super-
gravity background which preserves some supersymmetry has a supercoset sub-superspace.
We also showed that in the absence of NSNS flux this is in fact a semisymmetric super-
space. This is also true for some NSNS flux backgrounds (the ones related by S-duality to
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backgrounds without NSNS flux) but not for others. This can therefore not be a necessary
condition for (classical) integrability. We have also derived the form of the superisome-
try algebra in terms of the (constant) fluxes for a (type II) symmetric space supergravity
background. These results should prove useful in further studies of strings on symmetric
spaces and in particular of their integrability properties.
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A Expansion of supergeometry and superisometries to order υ2
In [22] the supergeometry of a general type II supergravity background was determined up
to fourth order in the fermions Θ by solving the differential equations for the Θ-dependence
order by order starting from the bosonic geometry at order Θ0. In the special case of
interest here where we have an underlying supercoset geometry we can instead start from
this geometry and compute the expansion in the non-coset fermions υ. The calculation
is essentially identical to that described in [22] with Θ → υ except now the fermionic
supervielbein is non-zero in the lowest order and we refer to that paper for the details.
The υ-expansion of the supervielbeins and spin connection become, to the order we will
need here,
Ea = Ea − iEΓaυ − i
2
DυΓaυ +O(υ3) , Eα = Eα + (Dυ)α +O(υ2) ,
Ωab = Ωab − i
4
υGabE +O(υ2) , (A.1)
where
Dυ =
(
d− 1
4
ΩabΓab +
1
8
EaGa
)
υ . (A.2)
Since the superisometry Noether current defined in eq. (4.66) involves also the Killing
vector and Killing spinor superfields we will also need their expansion. In fact this is
determined in a very similar way to the expansion of the supervielbeins and spin connection.
The expansion in Θ, starting from the bosonic expressions, was found in [13] and adapting
it to the expansion in υ starting from the supercoset expressions essentially amounts to
replacing Θ→ υ and we find, to the order we will need here,
Ka = Ka + iυΓaξ +
i
16
υΓaGbυK
b − i
8
υΓabcυ∇bKc +O(υ3) ,
ξα = ξα +
1
8
(Gaυ)
αKa − 1
4
(Γabυ)α∇aKb +O(υ2) ,
∇aKb = ∇aKb −
i
4
υGabξ +O(υ2) . (A.3)
The Noether current defined in eq. (4.66) also involves the object Λ satisfying
dΛ = iKH =
1
2
EbEaHabcK
c − iEaEΓaΓ11ξ − i
2
EΓaΓ11EK
a . (A.4)
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Its expansion in υ is given by (this is analogous to how the expansion of B was found from
that of H in [22])
Λ = Λ +
∫ 1
0
dt (iυiKH)t = Λ− i
∫ 1
0
dt
(
Ea υΓaΓ11ξ − υΓaΓ11EKa
)
t
, (A.5)
where the subscript t means that υ is replaced by tυ in the expansion of the superfields.
The lowest, supercoset, component satisfies
dΛ = iKH =
1
2
EbEaHabcK
c − iEaEΓaΓ11ξ − i
2
EΓaΓ11EK
a . (A.6)
When Habc = 0 we can take
18
Λ =
i
2
EKΓ11ξ . (A.7)
Indeed, using eq. (4.63), the torsion constraint eq. (5.7) and the symmetry properties of
the gamma matrices we find (recalling that in this case KS = 8PC and [P,Γ11] = 0)
dΛ = −iEaEΓaΓ11ξ − i
2
EΓaΓ11EK
a . (A.8)
Using the expansions of the supervielbeins, Killing vector and Killing spinor super-
fields in υ we can now find the expansion of the superisometry Noether current defined in
eq. (4.66). Splitting it into components according to eq. (4.68) we find for Habc = 0
J a = Ea − iEΓaυ + iυΓaΓ11 ∗ E + i
16
Eb υΓbSΓaυ − i
16
∗ Eb υΓbΓ11SΓaυ
− i
2
DυΓaυ + i
2
υΓaΓ11 ∗ Dυ +O(υ3) , (A.9)
J ab = i
8
Ee υΓe
cdυ Rcd
ab − i
8
∗ Ee υΓecdΓ11υ Rcdab +O(υ3) , (A.10)
J αˆ = − 1
2
(Γ11 ∗ E)αˆ − 1
8
Ea (SΓaυ)αˆ + 1
8
∗ Ea (SΓaΓ11υ)αˆ + i
8
EΓaυ (SΓaυ)αˆ
− i
16
∗ EΓaυ (SΓaΓ11υ)αˆ − i
16
υΓaΓ11 ∗ E (SΓaυ)αˆ +O(υ3) . (A.11)
Below we will prove some relations satisfied by J which are needed to prove the integrabil-
ity. The ultimate reason for these relations should be the kappa symmetry of the string. It
would be very interesting to derive them directly from the requirement of kappa symmetry
but we will leave this for future work. Here we will instead just verify them by a direct
calculation using the above expansions.
18Note that this is just −iKB where the B-field of the supercoset model is given by
B = − i
4
EKΓ11E ,
as is easily verified.
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A.1 Relations satisfied by components of J
In this section we set Habc = 0 since this is the only case we need here. We also assume that
some supersymmetry is preserved. To derive the first relation we consider the following
two terms
8υΓe
cdυ Rcd
ab(ΓabE) + 8υΓe
cdΓ11υ Rcd
ab(ΓabΓ11E)
= υΓecdυ (SΓcSΓdE) + υΓecdΓ11υ (SΓcSΓdΓ11E)
= −υΓecΓ11
[
ΓdΓ11υ (SΓcSΓdE)− ΓdΓ11E (SΓcSΓdυ)− ΓdΓ11SΓcSC υΓdE
+ Γdυ (SΓcSΓdΓ11E)− ΓdE (SΓcSΓdΓ11υ)− ΓdSΓcSC υΓdΓ11E
]
+ υΓecΓdE (SΓcSΓdυ) + υΓdE (SΓcSΓdΓecυ)− υΓecΓ11ΓdE (SΓcSΓdΓ11υ)
+ υΓdΓ11E (SΓcSΓdΓecΓ11υ) . (A.12)
The expression in square brackets vanishes by the basic Fierz identity eq. (4.40). Using
this and the expansion of J we find after a bit of algebra
∗J ab ΓabΓ11E − J ab ΓabE =− 1
2
Ea SΓaΓ11 ∗ J ′ + 1
2
J a SΓaJ ′
− i
64
υΓaΓbΓ11[∗Ec ΓcE − Ec ΓcΓ11E] (SΓaSΓbυ)
+
i
64
υΓaΓb[∗Ec ΓcE − Ec ΓcΓ11E] (SΓaSΓbΓ11υ) +O(υ3) ,
(A.13)
where J ′ was defined in (5.2) and we’ve used the fact that the dilatino equation in eq. (4.28)
together with the fact that S = PS implies ΓaSΓaS = 0 = SΓaSΓa (recall that we set
Habc = 0). The last two terms are proportional to the equations of motion (evaluated at
υ = 0). This completes the derivation of the first condition.
To derive the second condition we compute, using the expansion of J in the previous
section and the conditions from supersymmetry,
∇J ab = − i
8
∇ ∗ Ee υΓecdΓ11υ Rcdab + 1
16
EΓeE υΓe
cdυ Rcd
ab +
i
4
Ee υΓe
cd∇υ Rcdab
− i
4
∗ Ee υΓecdΓ11∇υ Rcdab
=
i
4
υΓcdΓ11
( ∗ (Ee − iEΓeυ) ΓeE + ∗Ee ΓeDυ
−(Ee − iEΓeυ) ΓeΓ11E − Ee ΓeΓ11Dυ
)
Rcd
ab
− i
8
(
∇ ∗ Ee − i
2
EΓeΓ11E
)
υΓe
cdΓ11υ Rcd
ab +
i
4
EΓ[aSΓ11Γb] ∗ J ′
+
i
8
J ′ΓaSΓbJ ′ + 1
2
J cJ dRcdab − 1
2
EcEdRcd
ab +
1
16
EΓeE υΓe
cdυ Rcd
ab
+
1
8
υΓeE EΓeΓ
cdυ Rcd
ab +
1
16
EΓeΓ11E υΓe
cdΓ11υ Rcd
ab
+
1
8
υΓeΓ11E EΓeΓ
cdΓ11υ Rcd
ab +O(υ3) . (A.14)
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The last four terms cancel by the basic Fierz identity eq. (4.40). The first term is propor-
tional to the fermionic equation of motion and the second to the bosonic equation of motion.
Again we have used the conditions from supersymmetry in eq. (4.28). This completes the
derivation of the second condition.
To summarize we have shown that the components of the conserved current satisfy the
following additional identities (on-shell)
∗J ab ΓabΓ11E − J ab ΓabE + 1
2
Ea SΓaΓ11 ∗ J ′ − 1
2
J a SΓaJ ′ =O(υ3)
(A.15)
∇J ab − i
4
EΓ[aSΓ11Γb] ∗ J ′ − i
8
J ′ΓaSΓbJ ′ − 1
2
J cJ dRcdab + 1
2
EcEdRcd
ab =O(υ3) .
(A.16)
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